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Abstract
In this note, we propose that the infrared structure of gluon amplitudes at strong
coupling can be fully extracted from a local consideration near cusps. This is consistent
with field theory and correctly reproduces the infrared divergences of the four-gluon
amplitude at strong coupling calculated recently by Alday and Maldacena.
1 Introduction
In the recent paper [1], Alday and Maldacena made a substantial progress in applying ideas of
the AdS/CFT correspondence [2] to study scattering amplitudes of gluons at strong coupling.
One of the crucial ingredients of [1] is dimensional regularization on the gravity dual side. The
importance of it is motivated by the fact that many field theory results on gluon amplitudes
have been obtained in dimensional regularization scheme and it is necessary to use the same
regularization if one intends to provide an unambiguous comparison between the gravity and
field theory sides. In particular, Alday in Maldacena [1] computed the four-gluon amplitude
at strong coupling and found a perfect agreement with the infrared structure in field theory.
In addition, they also found an agreement with the conjecture of Bern, Dixon and Smirnov [3]
(see also an earlier paper [4]) regarding the all-loop iterative structure of gluon amplitudes.
Furthermore, the analysis of [1] made a prediction for the strong coupling behavior of the
cusp anomalous dimension. Their result agreed with [5], [6] where the same behavior was
established by different methods.
It is well-known that in field theory, gluon amplitudes have to satisfy several consistency
conditions such as unitarity cuts, infrared behavior, collinear and soft gluon limits. It is
very interesting to understand what they are translated on the AdS side to. The simplest
limit that one can consider is the infrared divergences. In field theory they arise from a very
special set of Feynman diagrams. This makes them summable to all orders in perturbation
theory [7, 8, 9, 3]. This suggests that on the AdS side the infrared structure also arises from
some very special minimal worldsheets whose study does not require the complete answer
for the n-gluon amplitude. In this short note, we propose that the infrared behavior can
be completely derived from the worldsheet whose boundary is momenta of two neighboring
gluons meeting at a cusp. We show that this is consistent with the infrared structure on
the field theory side. When applied to the case of four gluons, this proposal gives the same
answer as the infrared divergent contribution to the four-gluon amplitude found in [1].
2 Infrared Behavior in N = 4 Super Yang-Mills Theory
The infrared behavior of the gluon amplitudes in N = 4 Super Yang-Mills Theory is known
to all orders in perturbation theory and has a nice exponential structure [7, 8, 9, 3]. In our
review below, we will follow section IV of [3]. We will assume that we have performed the
1
color decomposition and study the leading-color partial amplitudes. First, let us define
M (L)n (ǫ) =
A(L)n (ǫ)
Atreen
. (2.1)
In this equation, Atreen and A(L)n (ǫ) are the tree-level and L-loop n-gluon amplitudes respec-
tively. The dependence on ǫ indicates that M
(L)
n is evaluated in dimensional regularization.
Furthermore, let us define
Mn(ǫ) = 1 +
∞∑
L=1
aLM (L)n (ǫ), (2.2)
where
a = λ(4πe−γ)−ǫ, (2.3)
λ is the t’Hooft coupling and γ is the Euler constant. For any neighboring pair of gluons
i, i+ 1 with momenta ki and ki+1 we introduce
si,i+1 = (ki + ki+1)
2, i = 1, . . . , n, sn,n+1 ≡ sn1. (2.4)
The leading-color all-loop infrared behavior of Mn(ǫ) can be expressed as follows
lnMn(ǫ) ∼
∞∑
l=1
alf (l)(ǫ)Iˆ(1)n (lǫ). (2.5)
Here Iˆ
(1)
n (ǫ) represents the infrared behavior at one loop and has the following additive
structure
Iˆ(1)n (ǫ) =
n∑
i=1
Iˆ(1)n (si,i+1, ǫ), (2.6)
where
Iˆ(1)n (si,i+1, ǫ) = −
1
2ǫ2
(
µ2
−si,i+1
)ǫ
. (2.7)
The function f (l)(ǫ) has a perturbative expansion in ǫ
f (l)(ǫ) = f
(l)
0 + f
(l)
1 ǫ+ f
(l)
2 ǫ
2 + . . . . (2.8)
The leading term f
(l)
0 is known to coincide, up to a constant, with the cusp anomalous
dimension γ(l),
f
(l)
0 =
1
4
γ(l). (2.9)
Substituting Iˆ
(1)
n (ǫ) into eq. (2.5) we obtain that the right hand side has the following func-
tional dependence
lnMn(ǫ) ∼ 1
ǫ2
n∑
i=1
F
(
λ
(
µ2
−si,i+1
)ǫ
, ǫ
)
(2.10)
2
for some function F which goes to zero for finite negative ǫ as si,i+1 goes to zero. To find
another implication of the general infrared behavior (2.5) let us consider the terms of order
ǫ0. It follows from eqs. (2.6), (2.7) and (2.8) that up to an additive constant lnMn(ǫ) contains
the the terms of the form
lnMn(ǫ)|ǫ0 ∼ − 1
16
f(λ)
n∑
i=1
ln2
(
µ2
−si,i+1
)
− 1
4
g(λ)
n∑
i=1
ln
(
µ2
−si,i+1
)
, (2.11)
where
f(λ) = 4
∞∑
l=1
λlf
(l)
0 =
∞∑
l=1
λlγ(l) (2.12)
is the all-loop cusp anomalous dimension and
g(λ) = 2
∞∑
l=1
λlf
(l)
1
l
− 8πe−γ
∞∑
l=1
f
(l)
0 . (2.13)
Note that the definition of g(λ) depends on the infrared scale µ. As we change µ, µ → µκ,
we have
g(λ)→ g(λ) + 2f(λ) lnκ. (2.14)
On the other hand, the coefficient in front of the ln2
(
µ2
−si,i+1
)
term is always the cusp
anomalous dimension.
3 Infrared Behavior and Cusps in AdS
In [1], Alday and Maldacena developed an approach to study the strong coupling limit of
N = 4 gluon amplitudes using string theory in AdS space. As explained in [1], scattering
of open string states happens at large proper AdS momenta. Therefore, similarly to the flat
space case [10], the scattering amplitude to the leading order is determined by the appropriate
classical solution
A ∼ eiS, (3.1)
where S is the action evaluated on the classical solution, which is just the area of the
worldsheet. The prefactor was determined in [11]. Furthermore, similarly to the flat space
case [10], A depends only on the momenta of the scattered particles and not on any other
additional data like the helicity structure. All information about the momenta is encoded in
the boundary conditions. To describe it, it is convenient to use the T-dual coordinates [12]
(see [1] for details). In this coordinates, the metric is also AdS
3
k1
k2kn−1
kn
...
Figure 1: The boundary of the worldsheet of the n-gluon amplitude. For simplicity, we
removed the factors of 2π multiplying each ki.
ds2 = R2
dyµdy
µ + dr2
r2
, µ = 0, . . . , 3, (3.2)
where R is the radius of AdS space. The boundary conditions are imposed at r = 0. In
the T-dual coordinates the fact that a state has momentum kµ translates into the statement
that it has a winding
∆yµ = 2πkµ. (3.3)
Then, the boundary conditions are such that as r → 0 the worldsheet describing the n-
particle amplitude ends on the vectors 2πkµ1 , . . . , 2πk
µ
n. The ordering of the vectors corre-
sponds to the particular color ordered amplitude. From momentum conservation it follows
that the above vectors form a closed loop.
Since N = 4 gluon amplitudes are infrared divergent they have to be regulated. In order
to be able to compare the string and field theory results, one has to use the same regulariza-
tion scheme. The most convenient is to use dimensional regularization. The regulated AdS
metric looks as follows [1]
ds2 =
√
cDλD
(
dy2D + dr
2
r2+ǫ
)
, (3.4)
where
λD =
λµ2ǫ
(4πe−γ)ǫ
, cD = 2
4ǫπ3ǫΓ(2 + ǫ),
D = 4− 2ǫ. (3.5)
The parametrization of λD in terms of the IR scale µ is chosen to match the field theory
side. In notation (3.4), the worldsheet action becomes
4
Sdiv
k1
=
k k k k k2 2 3
+ + +
n 1
.. .
Figure 2: The graphical representation of the infrared divergences. Each cusp represents the
boundary of the minimal worldsheet.
S =
√
λDcD
2π
∫ Lǫ=0
rǫ
, (3.6)
where Lǫ=0 is the Lagrangian evaluated at ǫ = 0, that is using the metric (3.2) where the
AdS radius is set to unity.
Let us now consider the boundary of the worldsheet corresponding to the n-gluon am-
plitude as in Figure 1. The boundary consists of n vectors 2πkµ1 , . . . , 2πk
µ
n. We will denote
by Ci the cusp where the vectors 2πkµi and 2πkµi+1 meet. In this note, we propose that the
infrared behavior of the n-gluon amplitude at strong coupling is fully captured by the local
behavior of the worldsheet near the n cusps. To be more precise, we propose that the infrared
divergences have the structure as in Figure 2. That is, 1
lnMn ∼ iSdiv(ǫ) =
n∑
i=1
iSi,i+1(ǫ). (3.7)
The summation is over all the pairs of neighboring gluons or, equivalently, over all cusps.
The i-th term in the right hand sides in eq. (3.7) and in Figure 2 represents the area Si,i+1(ǫ)
of the minimal worldsheet whose boundary is just the two vectors 2πkµi and 2πk
µ
i+1. As a
trivial consistency check, we note that eq. (3.7) has the same additive structure as eqs. (2.5),
(2.6) on the field theory side.
Since eq. (3.7) and Figure 2 have an additive structure, it is sufficient to single out only
one cusp Ci and consider the problem of finding a minimal worldsheet which ends on the
vectors 2πkµi and 2πk
µ
i+1. We want to point out that our calculation is universal and does
not depend on global structure of the amplitude. Without loss of generality, we can assume
that the worldsheet is located in the subspace parametrized by (y0, y1, y2, r) and set y3 = 0.
2
1In eq. (3.7), it does not matter whether we write lnAn or lnMn since the difference between them,
lnAtree
n
is independent of λ and, thus, is subleading at strong coupling.
2In principle, one can choose a coordinate system in which two light-like vectors lie in a two-plane. The
choice of the coordinate system is a matter of convenience. The physical conclusions studied below are, of
course, independent of this choice.
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It is convenient to introduce the light-cone coordinates in the (y0, y1) plane
y
−
= y0 − y1, y+ = y0 + y1. (3.8)
The metric in these coordinates becomes
ds2 =
1
r2+ǫ
(−dy+dy− + dy22 + dr2). (3.9)
The action is given by eq. (3.6)
Si,i+1(ǫ) =
√
λDcD
2π
∫ Lǫ=0
rǫ
. (3.10)
We will parametrize the worldsheet by (y
−
, y+). Then it follows that
Lǫ=0 = dy−dy+ 1
2r2
√
1− 4∂
−
y2∂+y2 − 4∂−r∂+r − 4(∂−y2∂+r − ∂−r∂+y2)2. (3.11)
We need to find a solution that turns into two intersecting lines whose directions are specified
by ki and ki+1 as r → 0. We can choose the coordinate system in such a way that one of the
vectors, say ki, is located in the (y−, y+) plane. Moreover, we can chose ki to lie along the
y+ direction. We parametrize it as
2πki = z1(0, 1, 0) (3.12)
in the (y
−
, y+, y2) coordinates. The parameter z1 is arbitrary as long as it is non-zero and
finite. Similarly, we parametrize the vector ki+1 as
2πki+1 = z2(α, 1,
√
α), (3.13)
where α is the tangent of the angle between the lines when they are projected to the (y
−
, y+)
plane and z2, like z1, is an arbitrary non-zero finite parameter.From eqs. (3.12) and (3.13) it
follows that
(2π)2si,i+1 = −αz1z2. (3.14)
In order to find the solution of interest, we start with the solution ending on the lines
y
−
= 0, y+ = 0, (3.15)
This solution was found in [1]. It looks like
r(y
−
, y+) =
√
1 + ǫ/2
√
2
√
y
−
y+, y2(y−, y+) = 0. (3.16)
6
The solution we are interested in has to approach (3.16) in the limit α → ∞. A simple
ansatz that satisfies the correct boundary conditions and approaches eq. (3.16) in the large
α limit is
r(y
−
, y+) =
√
1 + ǫ/2
√
2
√
y
−
(y+ − 1
α
y
−
), y2(y−, y+) =
1√
α
y
−
. (3.17)
The ansatz for y2 in eq. (3.17) is chosen to make sure that the both lines are light-like. It
turns out that eq. (3.17) is the exact solutions of the equations of motion to all orders in ǫ.
To continue, it is convenient to change the variables from (y
−
, y+) to (Y−, Y+) so that the
(Y
−
, Y+) components of 2πki and 2πki+1 become (0, 1) and (1, 0). The transformation is the
following
y
−
= αz2Y−, y+ = z1Y+ + z2Y−. (3.18)
In these new variables we get
r(Y
−
, Y+) =
√
1 + ǫ/2
√
2
√
Y
−
Y+
√
−(2π)2si,i+1, y2(Y−, Y+) =
√
αz2Y−. (3.19)
Furthermore,
dy
−
dy+ = (−(2π)2si,i+1)dY−dY+. (3.20)
Substituting eqs. (3.18)-(3.20) into the action (3.10), (3.11), we obtain
iSi,i+1(ǫ) = −
√
λDcD
4π
√
1 + ǫ
(1 + ǫ/2)1+ǫ/2
(−(2π)2si,i+1)−ǫ/2
∫ 1
0
dY
−
dY+
(2Y
−
Y+)1+ǫ/2
. (3.21)
Assuming that ǫ < 0 and performing the integral, we find that
iSi,i+1(ǫ) = − 1
ǫ2
√
λ
2π
√
µ2ǫ
(−si,i+1)ǫC(ǫ), (3.22)
where C(ǫ) is given by
C(ǫ) =
√
cD
2ǫ/2
(2π)−ǫ
(4πe−γ)ǫ/2
√
1 + ǫ
(1 + ǫ/2)1+ǫ/2
. (3.23)
Eq. (3.22) represents our final answer for Si,i+1(ǫ) to all orders in ǫ. Note that it depends only
on the kinematic invariant si,i+1 and not separately on α, z1 and z2. Furthermore, note that
eq. (3.22) is consistent with the general properties of the infrared behavior of N = 4 gluon
amplitudes reviewed in the previous section. It is of the form (2.10), where the function
F
(
λ
(
µ2
−si,i+1
)ǫ
, ǫ
)
is given by
F
(
λ
(
µ2
−si,i+1
)ǫ
, ǫ
)
= − 1
2π
√
λ
(
µ2
(−si,i+1)
)ǫ
C(ǫ). (3.24)
7
To compare eq. (3.22) with eq. (2.11) on the field theory side we have to expand C(ǫ) to the
linear order in ǫ. Up to a constant, this yields the following ǫ-independent term in iSi,i+1(ǫ)
− 1
16
f(λ) ln2
(
µ2
−si,i+1
)
− 1
4
g(λ) ln
(
µ2
−si,i+1
)
, (3.25)
where
f(λ) =
√
λ
π
(3.26)
and
g(λ) =
√
λ
2π
(1− ln 2). (3.27)
Since the general structure of the infrared divergences implies that the coefficient at ln2
(
µ2
−si,i+1
)
is the cusp anomalous dimension, we find that it behaves as
√
λ at strong coupling which is
in agreement with [5, 6, 1].
As the last consistency check, let us compare (3.22) with the infrared divergent contri-
bution to the strong coupling limit of the four-gluon amplitude which was obtain by Alday
and Maldacena in [1]. In the case of the four-gluon amplitude we have only two independent
kinematic invariants which are usually denoted by s and t,
s = s12 = s34, t = s23 = s41. (3.28)
As the result, eq. (3.7) becomes
Sdiv(ǫ) = 2Ss(ǫ) + 2St(ǫ), (3.29)
where Ss(ǫ) is given by
iSs(ǫ) = − 1
ǫ2
√
λ
2π
√
µ2ǫ
(−s)ǫ −
1
ǫ
√
λ
4π
(1− ln 2)
√
µ2ǫ
(−s)ǫ +O(ǫ
0) (3.30)
and St(ǫ) is given by the similar expression with s replaced with t. Quite remarkably,
eqs. (3.29) and (3.30) exactly coincide with the infrared behavior of the four-gluon amplitude
computed in [1] which represents a non-trivial check of our proposal.
To conclude, we have proposed that the infrared structure of the gluon amplitudes at
strong coupling is fully captured by the behavior near the cusps as indicated in Figure 2.
The total n-gluon amplitude is then given by
lnMn =
n∑
i=1
iSi,i+1(ǫ) + Fn, (3.31)
8
where iSi,i+1(ǫ) is given by eq. (3.22) and Fn is the µ-independent finite contribution which
is often reffered to as the finite remainder. It is independent of the helicity structure and,
thus, is a function only of the kinematic invariants. The calculation of Fn is, certainly, a very
complicated problem and one can expect that understanding of unitarity cuts and collinear
behaviour in AdS can provide a significant help.
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